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============

Quantum calculus allows us to deal with sets of non-differentiable functions by substituting the classical derivative by a difference operator. Non-differentiable functions are used to describe many important physical phenomena. Quantum calculus has a lot of applications in different mathematical areas such as the calculus of variations, orthogonal polynomials, basic hyper-geometric functions, economical problems with a dynamic nature, quantum mechanics and the theory of scale relativity; see, *e.g.*, \[[@CR1]--[@CR9]\]. The general quantum difference operator $\documentclass[12pt]{minimal}
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                \begin{document}$q \in(0,1)$\end{document}$; see \[[@CR11]--[@CR16]\]. In \[[@CR10]\], \[[@CR17], Chapter 2\], the definition of the *β*-derivative, the *β*-integral, the fundamental theorem of *β*-calculus, the chain rule, Leibniz's formula and the mean value theorem were introduced. In \[[@CR18]\], the *β*-exponential, *β*-trigonometric and *β*-hyperbolic functions were presented. In \[[@CR19]\], the existence and uniqueness of solutions of the *β*-initial value problem of the first order were established. In addition, an expansion form of the *β*-exponential function was deduced.

This paper is devoted for deducing some results of the solutions of the homogeneous second order linear *β*-difference equations which are based on $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

In this section, we present some needed results associated with the *β*-calculus from \[[@CR10], [@CR17]--[@CR19]\].
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---------
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Theorem 2.9 {#FPar9}
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Theorem 2.10 {#FPar10}
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Definition 2.11 {#FPar11}
---------------

The *β*-trigonometric functions are defined by $$\documentclass[12pt]{minimal}
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Theorem 2.12 {#FPar12}
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*For all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in I$\end{document}$. *The following relation holds true*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} e_{ip,\beta}(t)=\cos_{p,\beta}(t)+i\sin_{p,\beta}(t). \end{aligned}$$ \end{document}$$

Theorem 2.13 {#FPar13}
------------

*Assume that the function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f:R\rightarrow {\mathbb{X}}$\end{document}$ *is continuous at* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(s_{0},y_{0})\in{R}$\end{document}$ *and satisfies the Lipschtiz condition* (*with respect to* *y*) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \big\| f(t,y_{1})-f(t,y_{2})\big\| \leq{L}\|y_{1}-y_{2} \|, \quad\textit{for all } (t,y_{1}), (t,y_{2})\in{R}. $$\end{document}$$ *Then the* *β*-*initial value problem* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D_{\beta}{y(t)}=f(t,y)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y(s_{0})=y_{0}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in{I}$\end{document}$ *has a unique solution on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[s_{0}-\delta,s_{0}+\delta]$\end{document}$, *where* *L* *is a positive constant and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta=\min\{a,\frac{b}{Lb+M},\frac{\rho}{L}\}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M=\sup_{(t,y)\in{R}}\|f(t,y)\|<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho\in(0,1)$\end{document}$.

Main results {#Sec3}
============

In this section, we prove the existence and uniqueness of solutions of the *β*-Cauchy problem of second order *β*-difference equations in a neighborhood of $\documentclass[12pt]{minimal}
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Existence and uniqueness of solutions {#Sec4}
-------------------------------------

### Theorem 3.1 {#FPar14}

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{i}(t,y_{1},y_{2}):I \times\prod_{i=1}^{2} S_{i}(x_{i}, b_{i})\rightarrow{\mathbb{X}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s_{0}\in I$\end{document}$, *such that the following conditions are satisfied*: (i)*for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{i}\in S_{i}(x_{i},b_{i})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{i}(t,y_{1},y_{2})$\end{document}$ *are continuous at* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t=s_{0}$\end{document}$,(ii)*there is a positive constant* *A* *such that*, *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in I$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{i}, \tilde{y}_{i}\in S_{i}(x_{i},b_{i})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$, *the following Lipschitz condition is satisfied*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\big\| f_{i}(t,y_{1},y_{2})-f_{i}(t, \tilde{y}_{1},\tilde{y}_{2})\big\| \leq A \sum _{i=1}^{2}\|y_{i}-\tilde{y}_{i} \|. $$\end{document}$$ *Then there exists a unique solution of the* *β*-*initial value problem*, *β*-*IVP*, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ D_{\beta}y_{i}(t)=f_{i}\bigl(t,y_{1}(t),y_{2}(t) \bigr),\quad y_{i}(s_{0})=x_{i}\in {\mathbb{X}}, i =1,2, t \in I. $$\end{document}$$

### Proof {#FPar15}
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### Corollary 3.2 {#FPar16}
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### Proof {#FPar17}
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The following corollary gives us the sufficient conditions for the existence and uniqueness of the solutions of the *β*-Cauchy problem ([3.3](#Equ6){ref-type=""}).

### Corollary 3.3 {#FPar18}
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Fundamental solutions of linear homogeneous *β*-difference equations {#Sec5}
--------------------------------------------------------------------

The second order homogeneous linear *β*-difference equation has the form $$\documentclass[12pt]{minimal}
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### Lemma 3.4 {#FPar20}
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### Proof {#FPar21}
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### Theorem 3.5 {#FPar22}
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### Proof {#FPar23}

The proof is straightforward. □

### Theorem 3.6 {#FPar24}
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### Definition 3.7 {#FPar26}

A set of two linearly independent solutions of the second order homogeneous linear *β*-difference equation ([3.6](#Equ9){ref-type=""}) is called a fundamental set of it.

### Theorem 3.8 {#FPar27}

*There exists a fundamental set of solutions of the second order homogeneous linear* *β*-*difference equation* ([3.6](#Equ9){ref-type=""}).

### Proof {#FPar28}
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### Definition 3.9 {#FPar29}
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### Lemma 3.10 {#FPar30}
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### Proof {#FPar31}
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### Theorem 3.11 {#FPar32}
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                \begin{document}$r_{2}(t)=\frac{a_{2} (t)}{a_{0}(t)}$\end{document}$ *satisfy the conditions of Corollary* [3.3](#FPar18){ref-type="sec"}.

### Proof {#FPar33}

Since $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_{\beta}W_{\beta}(y_{1},y_{2}) (t)&= \left \vert \textstyle\begin{array}{c@{\quad}c} y_{1}(\beta(t))&y_{2}(\beta(t)) \\ - \frac{a_{1}(t)}{a_{0}(t)} D_{\beta}y_{1}(t)&- \frac{a_{1} (t)}{a_{0}(t)} D_{\beta}y_{2}(t) \end{array}\displaystyle \right \vert + \left \vert \textstyle\begin{array}{c@{\quad}c} y_{1}(\beta(t))&y_{2}(\beta(t)) \\ - \frac{a_{2} (t)}{a_{0}(t)}y_{1}(t) &-\frac{a_{2}(t)}{a_{0}(t)}y_{2}(t) \end{array}\displaystyle \right \vert \\ &= - \frac{a_{1}(t)}{a_{0}(t)} \left \vert \textstyle\begin{array}{c@{\quad}c} y_{1}(t)&y_{2}(t) \\ D_{\beta}y_{1} (t) &D_{\beta}y_{2}(t) \end{array}\displaystyle \right \vert + \frac{a_{2}(t)}{a_{0}(t)}\bigl(\beta(t)-t\bigr) \left \vert \textstyle\begin{array}{c@{\quad}c} y_{1}(t)&y_{2}(t) \\ D_{\beta}y_{1}(t) &D_{\beta}y_{2}(t) \end{array}\displaystyle \right \vert \\ &= \bigl[-r_{1}(t)+r_{2}(t) \bigl(\beta(t)-t\bigr) \bigr]W_{\beta}(y_{1},y_{2}) (t),\end{aligned} $$\end{document}$$ which has the solution $$\documentclass[12pt]{minimal}
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                \begin{document}$$ W_{\beta}(y_{1},y_{2}) (t)= W_{\beta}(y_{1},y_{2}) (s_{0})e_{-r_{1}(t)+r_{2}(t)(\beta(t)-t),\beta} ,\quad t \in I. $$\end{document}$$ □

Using Theorem [3.11](#FPar32){ref-type="sec"} and Lemma [3.4](#FPar20){ref-type="sec"}, we can prove the following corollaries.

### Corollary 3.12 {#FPar34}
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### Corollary 3.13 {#FPar35}
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Homogeneous equations with constant coefficients {#Sec6}
------------------------------------------------

Equation ([3.6](#Equ9){ref-type=""}) can be written as $$\documentclass[12pt]{minimal}
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                \begin{document}$y(t)=e_{\lambda,\beta}(t)$\end{document}$ is a solution of equation ([3.8](#Equ11){ref-type=""}). Since equation ([3.9](#Equ12){ref-type=""}) is a quadratic equation with real coefficients, it has two roots, which may be real and different, real but repeated, or complex conjugates.

*Case 1: real and different roots of the characteristic equation* ([*3.9*](#Equ12){ref-type=""})*.*
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                \begin{document}$$ c_{1}=\frac{D_{\beta}y_{0}-y_{0}\lambda_{2}}{\lambda_{1}-\lambda_{2}}e_{-\lambda _{1},\beta}(s_{0})\quad \text{and}\quad c_{2}=\frac{y_{0}\lambda_{1}-D_{\beta}y_{0}}{\lambda _{1}-\lambda_{2}} e_{-\lambda_{2},\beta}(s_{0}). $$\end{document}$$

### Example 3.14 {#FPar36}

Find the solution of the *β*-initial value problem $$\documentclass[12pt]{minimal}
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*Case 2: complex roots of the characteristic equation* ([*3.9*](#Equ12){ref-type=""}).
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                \begin{document}$y_{2}(t)=e_{(\nu-i\mu),\beta}(t)$\end{document}$ are two solutions of equation ([3.8](#Equ11){ref-type=""}). By Theorems [2.10](#FPar10){ref-type="sec"}, [2.12](#FPar12){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \begin{document}$e_{(\nu+i\mu),\beta }(t)=e_{\nu,\beta}(t) e_{\frac{i\mu}{1+\nu(\beta(t)-t)},\beta}(t)$\end{document}$. So, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ e_{(\nu+i\mu),\beta}(t)=e_{\nu,\beta}(t) \bigl(\cos _{\frac{\mu}{1+\nu(\beta(t)-t)},\beta}(t)+i \sin_{\frac{\mu}{1+\nu(\beta (t)-t)},\beta}(t) \bigr). $$\end{document}$$ We have $$\documentclass[12pt]{minimal}
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                \begin{document}$$y_{1}(t)-y_{2}(t)=2i e_{\nu,\beta}(t) \sin_{\frac{\mu}{1+\nu(\beta (t)-t)},\beta}(t). $$\end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document}$$u(t)=e_{\nu,\beta}(t)\cos_{\frac{\mu}{1+\nu(\beta(t)-t)},\beta}(t) \quad\text{and} \quad v(t)= e_{\nu,\beta}(t)\sin_{\frac{\mu}{1+\nu(\beta(t)-t)},\beta} (t) $$\end{document}$$ are two solutions of equation ([3.8](#Equ11){ref-type=""}). If the *β*-Wronskian of *u* and *v* is not zero, then *u* and *v* form a fundamental set of solutions. The general solution of equation ([3.8](#Equ11){ref-type=""}) is $$\documentclass[12pt]{minimal}
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                \begin{document}$$y(t)=c_{1}e_{\nu,\beta}(t)\cos_{\frac{\mu}{1+\nu(\beta(t)-t)},\beta }(t)+c_{2}e_{\nu,\beta}(t) \sin_{\frac{\mu}{1+\nu(\beta(t)-t)},\beta}(t), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$c_{2}$\end{document}$ are arbitrary constants.

### Example 3.15 {#FPar37}
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                \begin{document}$$y(t)=c_{1} e_{-1/2,\beta}(t)\cos_{\frac{\sqrt{3}/2}{1-1/2(\beta(t)-t)},\beta }(t)+c_{2}e_{-1/2,\beta}(t) \sin_{\frac{\sqrt{3}/2}{1-1/2(\beta(t)-t)},\beta}(t). $$\end{document}$$

*Case 3: repeated roots.*

Consider the case that the two roots $\documentclass[12pt]{minimal}
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                \begin{document}$y_{1}(t)=e_{-b/2a,\beta} (t)$\end{document}$ is one solution of the *β*-difference equation ([3.8](#Equ11){ref-type=""}), and we give the second solution by the following example:

### Example 3.16 {#FPar38}

Solve the *β*-difference equation $$\documentclass[12pt]{minimal}
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Euler-Cauchy *β*-difference equation {#Sec7}
------------------------------------

The Euler-Cauchy *β*-difference equation takes the form $$\documentclass[12pt]{minimal}
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### Theorem 3.17 {#FPar39}

*If the characteristic equation* ([3.13](#Equ16){ref-type=""}) *has two distinct roots* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{2} $\end{document}$, *then a fundamental set of solutions of* ([3.12](#Equ15){ref-type=""}) *is given by* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{\lambda_{1}/t,\beta}(t)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{\lambda _{2}/t,\beta}(t)$\end{document}$.

### Proof {#FPar40}
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                \begin{document}$e_{\lambda_{2}/t,\beta}(t)$\end{document}$ form a fundamental set of solutions of ([3.12](#Equ15){ref-type=""}). □

The following theorem gives us the general solution of the Euler-Cauchy *β*-difference equation in the double root case.

### Theorem 3.18 {#FPar41}

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/\beta(t)$\end{document}$ *is bounded on* *I* *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$y(t)=c_{1}e_{\frac{\gamma}{t},\beta}(t)+c_{2} e_{\frac {\gamma}{t},\beta}(t) \int_{s_{0}}^{t}\frac{ e_{\frac{-1}{\beta(\tau )},\beta}}{1+\frac{\gamma}{\tau}(\beta(\tau)-\tau)}\,d_{\beta}\tau. $$\end{document}$$

### Proof {#FPar42}

The characteristic equation of ([3.14](#Equ17){ref-type=""}) is $$\documentclass[12pt]{minimal}
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                \begin{document}$$ D_{\beta}^{2}y(t)+r_{1}(t)D_{\beta}y(t)+r_{2}(t)y(t)=0, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$-r_{1}(t)+r_{2}(t) \bigl(\beta(t)-t\bigr)= \frac{\gamma^{2}}{t}-\frac{(\gamma-1)^{2}}{\beta(t)}. $$\end{document}$$ Let *u* be a solution of equation ([3.15](#Equ18){ref-type=""}) such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$W_{\beta}( e_{\frac{\gamma}{t},\beta},u) (t)=e_{-r_{1}(t)+r_{2}(t)(\beta (t)-t),\beta}(t)= e_{\frac{\gamma^{2}}{t}-\frac{(\gamma-1)^{2}}{\beta (t)},\beta}(t). $$\end{document}$$ By Theorem [2.5](#FPar5){ref-type="sec"}, we find that *u* satisfies the following *β*-difference equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_{\beta}\biggl(\frac{u}{e_{\frac{\gamma}{t},\beta}}\biggr) (t)&=\frac{W_{\beta}( e_{\frac{\gamma}{t},\beta},u)(t)}{ e_{\frac{\gamma}{t},\beta}(t)e_{\frac {\gamma}{\beta(t)},\beta}(\beta(t))} \\ &=\frac{ e_{\frac{\gamma^{2}}{t}-\frac{(\gamma-1)^{2}}{\beta(t)},\beta}(t)}{ e_{\frac{\gamma}{t},\beta}^{2}(t)(1+\frac{\gamma}{t}(\beta(t)-t))}.\end{aligned} $$\end{document}$$ Then $$\documentclass[12pt]{minimal}
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                \begin{document}$$u(t)=e_{\frac{\gamma}{t}}(t) \int_{s_{0}}^{t}\frac{ e_{\frac {\alpha^{2}}{\tau}-\frac{(\gamma-1)^{2}}{\beta(\tau)},\beta}(\tau)}{ e_{\frac{\gamma}{\tau},\beta}^{2}(\tau)(1+\frac{\gamma}{\tau}(\beta (\tau)-\tau))}\,d_{\beta}\tau. $$\end{document}$$ Also, $$\documentclass[12pt]{minimal}
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                \begin{document}$$y(t)=c_{1} e_{\frac{\gamma}{t},\beta}(t)+c_{2}e_{\frac {\gamma}{t},\beta}(t) \int_{s_{0}}^{t}\frac{e_{\frac{-1}{\beta(\tau)},\beta}(\tau)}{1+\frac {\gamma}{\tau}(\beta(\tau)-\tau)}\,d_{\beta}\tau $$\end{document}$$ is the general solution of equation ([3.14](#Equ17){ref-type=""}). □

Conclusion {#Sec8}
==========

In this paper, the existence and uniqueness of solutions of the *β*-Cauchy problem of second order *β*-difference equations were proved. Moreover, a fundamental set of solutions for second order linear homogeneous *β*-difference equations when the coefficients are constants was constructed. Also, the different cases of the roots of the characteristic equations of these equations were studied. Finally, the Euler-Cauchy *β*-difference equation was derived.
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